We study a superfluid Bose system with single-particle and pair condensates on the basis of a half-phenomenological theory of a Bose liquid not involving the weakness of interparticle interaction. The coupled equations describing the equilibrium state of such system are derived from the variational principle for entropy. These equations are analyzed at zero temperature both analytically and numerically. It is shown that the fraction of particles in the single-particle and pair condensates essentially depends on the total density of the system. At densities attainable in condensates of alkali-metal atoms, almost all particles are in the single-particle condensate. The pair condensate fraction grows with an increasing total density and becomes dominant. It is shown that at density of liquid helium, the single-particle condensate fraction is less than 10%, which agrees with experimental data on inelastic neutron scattering, Monte Carlo calculations and other theoretical predictions. The ground state energy, pressure, and compressibility are found for the system under consideration. The spectrum of single-particle excitations is also analyzed.
Introduction
The first experimental observations of Bose-Einstein condensation in dilute gases of alkali-metal atoms [1] [2] [3] have stimulated a great interest to this remarkable phenomenon manifested also in superfluids and superconductors. However, in spite of a significant progress [4] [5] [6] [7] [8] in the study of Bose systems with condensate, their theory is far from being completed. Among the open theoretical problems we mention the following ones: description of Bose systems with strong interaction, microscopic justification of observable excitation spectrum in a superfluid 4 He, role of single-particle and pair condensates in the phenomenon of superfluidity, the existence of elementary excitations with activation energy along with sound excitations. As was first showed by Bogolyubov [9] , the interparticle interaction essentially affects the behavior of a many-body Bose system at low temperature. In particular, in consequence of a weak interaction, the number of particles in a condensate at zero temperature is not equal to the total particle number in the system. This effect, usually referred to as depletion of a condensate, is caused by the presence of pair anomalous averages which are similar to Cooper correlations in superconductors. The pair correlated bosonic atoms form a pair condensate which, along with a single-particle condensate, specifies the superfluid density. The role of pair correlations in superfluid Bose systems has been studied by many authors [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Superfluidity has also been treated in terms of pair condensation only, in the total absence of a single-particle condensate [20] [21] [22] .
Note that accounting for pair correlations in a Bose system can produce a gap in the spectrum of elementary excitations [11] [12] [13] [14] . The existence of a gap essentially depends on the used approximation or truncated Hamiltonian [5, 8, 23, 24] . In particular, the well-known Hartree-Fock-Bogolyubov approximation extended to bosons generates a gap in the spectrum. In virtue of the Hugenholtz-Pines theorem [25] , Taking into account equations (2.8), (2.7) we can see that these matrices are expressed through the averages of creation and annihilation operators. Therefore, they are also transformed under the global phase transformations of a p , a † p , so that statistical operator (2.5) is invariant. In addition, such choice of ρ (or ̺) is based on the fact that it satisfies the principle of spatial correlation weakening and Wick's theorem applies to it [56] . The introduced statistical operator defined by equation (2.5) describes a superfluid many-body system of interacting particles in the language of free particles (or quasiparticles) with a modified dispersion law. It is worth stressing that the efficiency of such description is essentially determined by the choice of coefficients A pp ′ and B pp ′ . As we will see below, these coefficients are chosen to satisfy the requirement of maximum entropy for fixed values of additive integrals of motion (or conserved quantities). In the language of a self-consistent mean field theory, this requirement is equivalent to the fact that the Hamiltonian of such approximation is the closest to the exact one [14] . Therefore, the statistical operator (2.5) and the maximum entropy principle give the most accurate description of the system within the quasiparticle approximation even if the interparticle interaction is not weak.
A compact formulation of a theory under consideration is given in terms of a two-row matrixf c that combines the correlation functions and a vectorψ, whose components are the condensate amplitudes,
where tilde denotes the transposed matrix. Thermodynamic equilibrium of the system is determined by the maximum of entropy S = −Sp ρ ln ρ for fixed values of conserved quantities, such as energy, momentum, and total particle number. Using the unitary transformation (2.4) and u − v transformations, one can show [41, 46] that the statistical operator (2.5) is reduced to a diagonal form ρ 0 . Then, for the entropy of the system S = −Sp ρ 0 ln ρ 0 , the following combinatorial expression is valid:
which allows it to be expressed through the introduced two-row matrix [41, 46] :
Here, tr . . . is a trace over the momentum variables which specify a single-particle state, while Tr . . . is taken over the the two-row matrix as well as the momentum variables. The introduced entropy depends on correlation functions only and does not depend on the condensate amplitudes. The energy of a superfluid Bose system is a functional of correlation functions and condensate ampli-
It is obtained by averaging a microscopic Hamiltonian,
In fact, the normal-ordered Hamiltonian H a † p , a p of a Bose system can take into account binary, triple, and higher-order interactions of particles. However, we will use the following second quantized Hamiltonian with binary interparticle interaction,
(2.12)
Now, we find the explicit form of the energy functional E (f c ,ψ) for the written Hamiltonian. Due to unitary transformation (2.4), the averaging given by equation (2.11) is reduced to
Since ̺ has a Gaussian form that involves both normal and anomalous pairs of second quantized opera- 
(2.14)
It can be proved that E (ψ) is related to the total energy functional E (f c ,ψ) by the differential operator [41, 46] ,
In the expression for R, we have omitted the repeated summation indices, like in equations (2.3), (2.5).
The total particle number, similar to entropy (2.10), can be expressed through the two-row matrixf c .
Like in quantum mechanics, in which the physical quantities correspond to operators, we assume that a physical quantity a is associated with a two-row matrixâ. Then, the average of a physical quantity a is given by [41, 46] 〈a〉 ≡ tr f a = 1 2 Trf câ − tr a +ψ * τ 3âψ ,â = a 0 0 −ã , whereτ 3 is the Pauli matrix and tr f a ≡ p ( f a) pp . Sinceτ 3 is the generator of unitary gauge transformations, it should be interpreted as the particle number operator. Therefore, according to the above formula, we have
where 1 ≡ δ pp ′ . The calculation of the traces gives the following expression for the total particle number:
As we have already mentioned, equations that determine the equilibrium values of correlation functions and condensate amplitudes are obtained from the principle of maximum entropy for fixed values of the additive integrals of motion -energy, total particle number, and total momentum. However, below we will study the system at rest (we do not introduce the latter integral of motion). Then, the problem of conditional maximization of the entropy can be reduced to the problem of unconditional minimization of the following non-equilibrium thermodynamic potential: (2.16) where β, βµ are the corresponding Lagrange multipliers (β = 1/T is the reciprocal temperature and µ is the chemical potential). The solution of the formulated variational problem gives the self-consistency equations [41, 46] 
and
Equation (2.17) has a natural form -namely, it reflects the fact that the matrixf c , which is constructed from the correlation functions, has a structure of the Bose distribution function ifε is interpreted as the operator of quasiparticle energy. Note thatε andf c are Hermitian matrices in indefinite metrics introduced in references [41, 46] . Equation (2.18) has a structure similar to the stationary Gross-Pitaevskii equation without external potential. However, the principal difference is that the energy of the system depends now not only on the condensate amplitudes but also on correlation functions. The coupled equations (2.17), (2.18) describe an inhomogeneous equilibrium state of a superfluid Bose system with singleparticle and pair condensates if the energy functional E f c ,ψ is known.
In conclusion of this section we would like to note that a similar approach has been developed to extend the theory for a normal Fermi liquid to superfluid states [39] [40] [41] . In this case 〈a p 〉 = 〈a † p 〉 = 0 and the system is described by one equation only, which has a structure of the Fermi distribution function [similar to equation (2.17)].
Spatially homogeneous state
In the case of a homogeneous system, the self-consistency equations (2.17)-(2.20) have a more simple form. In particular, the correlation functions and condensate amplitudes meet the following relations: 
where
Let us transform equation (2.17) taking into account the above conditions for spatial homogeneity. To this end, we expand the 2 × 2 matrix βξ = β ε −μ , entering this equation, in terms of the traceless Pauli matricesτ i and the identity matrixτ 0 :
where ξ = ε − µ. We have employed the fact that for a spatially homogeneous state the first relation from (3.2) yieldsξ = ξ. Taking the trace of both sides of equation (3.4) we have c 0 = 0 and, consequently, 
Finally, the comparison of the matrix elements of both sides of this equation yields,
where we have used equations (3.1), (3.2) and the evident property n(−x) = −1 − n(x). Here,
and ε p , ∆ p are determined by the energy functional according to equations (3.3).
In the case of a homogeneous system, equation (2.18 ) is reduced to ∂E f c ,ψ
Equations (3.5)-(3.7) provide a complete description of a homogeneous Bose system with single-particle and pair condensates if the energy functional E f c ,ψ is given. The quantities b 0 and ∆ p should be interpreted as the order parameters associated with single-particle and pair condensates, respectively, and E p as the quasiparticle energy.
Let us now obtain the system of coupled equations using an explicit form of the energy functional given by equations (2.13), (2.14) . In this case, equation (3.7) for the condensate amplitudes takes the form We should also eliminate the correlation functions in equation (3.8) . After some algebraic manipulations, we come to the desired system of coupled equations for determining ξ p , ∆ p , b 0 :
Note that these equations, as well as equation (3.8) , are invariant with respect to the following transfor-
The same system of the coupled equations has been also derived within other approaches [14, 58] . It has three types of solutions. The first one, with n 0 = 0 and ∆ p = 0, describes the state with no broken symmetry. In this normal state there is neither single-particle nor pair condensate. The second type of solution, with n 0 = 0 and ∆ p 0, breaks U (1) symmetry and corresponds to the state with a pair condensate, which is similar to a condensate of Cooper pairs in the theory of superconductivity. This condensation has been studied by a number of authors [20] [21] [22] 59 ]. Finally, the third kind of solution, with n 0 0 and ∆ p 0, characterizes the state with broken U (1)
symmetry containing both single-particle and pair condensates. Note that the derived equations have no solution of the type ∆ p = 0, n 0 0.
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The chemical potential is related to the total particle number. From equations (2.15), (3.5), we find that the total particle density can be written in the form n = n 0 + n pair + n quas , (3.10) where
Here, we have introduced the particle density in a pair condensate (pair condensate density) n pair and quasiparticle density n quas . In the normal phase, i.e., in the absence of both condensates, the particle number coincides with the quasiparticle number, as in the normal Fermi liquid. In a superfluid phase, the particle number is always greater than quasiparticle number.
Zero temperature and contact interaction
The coupled equations (3.9) can be further simplified in the case of zero temperature and contact interaction, ν(p) = ν = const. Indeed, in this case, there are no quasiparticle excitations, n βE p = 0, and all particles are in the single-particle or pair condensates. Moreover, due to contact interaction, ∆ p does not depend on momentum, ∆ p ≡ ∆, and the structure of equations allows us to consider b 0 and ∆ as real and positive quantities. After simple transformations, equations (3.9) are reduced to
The spectrum of elementary excitations [see equations (3.6)] takes the form
As we see, it has a gap δ ≡ E p=0 given by
We will address the issue of single-particle excitation spectrum and its behavior in the region of small momenta herein below.
Equations (4.1), (4.2) allow one to find n 0 and ∆ as functions of chemical potential [or taking into account equations (3.10), (3.11) as functions of total density]. As we have already mentioned, besides the solution corresponding to the normal state, these equations describe the state with a pair condensate only as well as the state with both condensates. Equation (4.2) shows that the solution corresponding to the state with a pair condensate (n 0 = 0, ∆ 0) exists only in the case of attractive interaction, ν < 0. However, this state was found to be thermodynamically unstable [59] . Therefore, we will study the solution of equations (4.1), (4.2) that describes the state with both condensates (n 0 0, ∆ 0). Moreover, the interaction is assumed to be repulsive, ν > 0.
The total particle density at T = 0, according to equations (3.10), (3.11), becomes
The comparison of this formula with equation (4.1) yields the expression for the chemical potential,
From equation (3.5) we can also find the normal and anomalous correlation functions at T = 0:
The ground state energy E (0) is obtained by setting T = 0 in equations (2.13), (3.5) . In addition, we should take into account the conditions for spatial homogeneity (3.1) and equations (4.6), (4.8). The ground state energy density E (0) = E (0) /V is found to be
When deriving this result we have eliminated the terms p 1/E p and p 2 /2m using equations (4.2), (4.3), respectively.
Let us obtain an explicit expression for pressure P = −Ω/βV . Here, Ω is the equilibrium thermodynamic potential which is found by substituting the equilibrium values of the correlation functions and condensate amplitudes into equation (2.16). Using the fact that S = 0 at T = 0, one obtains P = µn − E
and, consequently,
Here, as well as in equation (4.9), the quantity ξ p is given by equation (4.3). From equation (4.10) we can conclude that the pressure is positive when ν > 0 that is one of the stability conditions.
We now return to the coupled equations (4.1), (4.2). First, let us eliminate the chemical potential in equation (4.1) using equation (4.7). Then, we replace the summation by integration over the variable x = p 2 /2m in both equations. The integral that appears in equation (4.2) diverges at the upper limit. The physical reason for this divergence is that we have taken a delta-like contact potential with zero radius of interparticle interaction. In order to remove the divergence, we introduce a typical length scale r 0 for the range of interaction. In subsequent numerical computations, we will assume that r 0 coincides with the value of a repulsive core of the interaction potential, which is typically equal to a few angstroms.
When integrating over the variable x having the dimension of energy, we will cut off the divergence by x 0 = (ħk 0 ) 2 /2m = ħ 2 /2mr 
is a dimensionless coupling constant and ν is related to s-wave scattering length a by the well-known expression ν = 4πħ 2 a/m. We see that the dimensionless coupling constant is determined by the ratio of the scattering length to the radius of the interaction potential,
(4.14)
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Equation (4.11) reflects the fact that the total particle density is the sum of the particle densities in the single-particle and pair condensates (the first and second terms, respectively). The coupled equations (4.11), (4.12) are characterized by two free dimensionless parameters -the total particle densityñ and coupling constant g. Therefore, having specified these quantities, we can findα and∆ and thereby determine the fractions of single-particle and pair condensates as well as other characteristics of the system. We now present the dimensionless expressions for the quasiparticle energy, pressure, and density of the ground state energy. According to equation (4.4), the single-particle excitation spectrum in terms of dimensionless quantities has the formẼp
whereẼ p = E p /x 0 andp = pr 0 /ħ. In order to find an appropriate expression for pressure, let us replace the summation by integration over the variable x = p 2 /2m in equation (4.10). The divergent integral, as above, is cut off by x 0 . Moreover, along with the introduced dimensionless quantities, we define the dimensionless value of pressureP = P /P 0 where P 0 = ħ 2 /mr 5 0 . Hence, In a similar manner, one obtains the ground state energy density in a dimensionless form, (0) /P 0 . In conclusion of this section, we estimate the value of P 0 for a superfluid 4 He. The interaction potential of this system has a strong short-range repulsion whose radius (core) is r 0 = 2.55 Å. The atomic mass of helium is m = 6.65 · 10 −24 g. For these values, we find P 0 ≈ 15.3 atm which is somewhat less than the value of crystallization pressure ≈ 25 atm.
Weak interaction
Here, we study the asymptotic solution of equations (4.11), (4.12) in the case of a weak interaction. These equations contain two parameters g/π 2 andñg, whose values are assumed to be small, g π 2 ≪ 1,ñg ≪ 1.
As one can see from equations (4.11), (4.12),α =∆ = 0 when g = 0 and, consequently,α ≈∆ ≪ 1 at small g. Therefore, from equation (4.12), one obtains
with an accuracy of the terms of the order ofα 3/2 :
Next, sinceα and∆ are small, we neglect the termsα 2 and∆ 2 in equation (4.11). Then, after its integration and subsequent substitution of equation (5.1), we come to the following equation forα:
After the substitution of equation (5.2) into (5.1) we can obtain∆ with the same level of accuracy:
(5.
3)
The particle density in a single-particle condensate is expressed throughα and∆ as follows:ñ 0 = α +∆ /4g [see equation (4.11)]. Therefore, the asymptotic solution given by equations (5.2), (5.3) allows us to find the particle number densities in both condensates:
As we see, the terms ∼ ñg 3/2 account for the presence of a pair condensate.
The next step is to calculate the ground state energy density and pressure in the case of a weak interaction. Both quantities, according to equation (4.16), (4.17) , are determined by the integral J 0 α,∆ which at smallα and∆ has the following asymptotic behavior:
or taking into account equation (5.2), Having obtained an explicit dependence of pressure on density, we can write down the speed of sound u:
The second term in equations (5.7), (5.8) accounts for the finite range of interaction potential, while the third term is a correction responsible for the presence of a pair condensate. The ground state energy density (4.17) is determined by the same integral J 0 α,∆ . Therefore, taking into account equations (5.3)- 9) or in a dimensional form,
(5.10)
The ground state energy E (0) = E (0) V can be expressed in terms of the scattering length a,
(5.11)
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This formula almost coincides with those obtained by Lee and Yang [60] . The difference is in the second term which takes into account the final range of interaction potential. However, the renormalization of scattering length a → a (1 − 2a/πr 0 ) in equation (5.11) gives their original result. Finally, we note thatα →∆ in the limit ν → 0 and, consequently, a gap δ in the quasiparticle spectrum (4.4) tends to zero. In this case we come to the Bogolyubov spectrum [9] ,
In the same limit, the density of a single-particle condensate tends to the total particle density (the pair condensate density tends to zero).
Small density and strong interaction
Here, we study the system of small density without any restrictions on the value of interparticle interaction. To this end, it is convenient to introduce new dimensionless variables χ =∆/α and η =α/4ñg instead ofα and∆. In virtue of their definition, these variables meet the inequalities 0 < χ, η < 1. Then, equations (4.11), (4.12) in terms of χ and η read
We remind the reader that the left-hand side of equation (6.1) is just the sum of the single-particle condensate fraction n 0 /n and pair condensate fraction n pair /n, respectively. Now, assuming that the density is small we do not make any restrictions on the value of interaction,
Then, from (6.1)-(6.4), we find the equations for determining χ and η in the zeroth order in small parameters:
(6.5)
The explicit expressions for χ and η giveα = 4gñη and∆ = 4gñχη. Note that in this zero-order approximation, the total particle density coincides with the particle density in the single-particle condensate, n = n 0 (there is no pair condensate).
Let us now obtain the explicit form for the ground state energy and pressure. Both quantities, according to equations (4.16), (4.17) , are determined by the integral J 0 α,∆ , which at small density is written as follows:
where χ and η are given by equations (6.5). It is easy to find that in the given approximation, the ground state energy density coincides with the pressure,
or in a dimensional form,
The obtained expression for pressure allows us to calculate the speed of sound:
We see that u 2 > 0 for repulsive interaction. This fact indicates the thermodynamic stability of the system.
Next, from equation (4.5) we find the dimensionless expression for the energy gap in the single-particle excitation spectrum,δ
In virtue of the small value ofñg, this gap remains small even at quite strong interaction. In conclusion of this section, let us calculate the pair condensate fraction [the second term in equation (6.1)]. In the leading non-vanishing approximation over the small parameter, it has the form n pair
Taking into account that J 1 χ ≈ (π/4)χ 2 , where χ is given by the first formula in equations (6.5), the pair condensate fraction is found to bẽ
It is easy to show that the obtained function increases in the range of small values of g and decreases for "strong" interaction. Its maximum corresponds to the point g * ≈ 50.9 and does not depend on the total particle density in the approximation under consideration. This fact agrees with numerical results shown in figure 1.
Numerical results

Dilute gases
Bose-Einstein condensation in dilute ultracold gases of alkali-metal atoms was first realized experimentally in 1995 [1] [2] [3] . The particle number density in the condensed atomic cloud is n ∼ 10 13 ÷10
15 cm −3 .
Then, the corresponding dimensionless density in equations (6.1), (6.2) is a small quantity,ñ ∼ 10 −11 ÷ 10 −9 , where we have taken r 0 ≈ 3 Å. The binary atomic interaction in such systems is usually approximated by the contact interaction potential expressed through the scattering length a. For example, for 87 Rb and 23 Na, the scattering lengths are equal to a ≈ 90a 0 and a ≈ 19.1a 0 , respectively, where a 0 ≈ 0.53 Å is the Bohr radius [6] . From equation (4.14), we can find that the dimensionless coupling constant: g ≈ 200 from the analytical study of equations (6.1), (6.2). We can conclude that the pair condensate fraction is several orders less than the single-particle condensate fraction and, consequently, the dilute systems are described by the Gross-Pitaevskii equation with a high level of accuracy. In addition, in the limit g → 0, the pair condensate density also tends to zero and therebyñ 0 →ñ. Figure 2 presents the dimensionless energy gapδ in the spectrum of single-particle excitations as a function of dimensionless coupling constant g for various values of the total particle densityñ. At small densities, the gap remains small even for large values of the coupling constant. The gap tends to zero in the limit g → 0 which agrees with Bogolyubov's result [9] .
Model of superfluid 4 He
Superfluid 4 He is a strongly interacting system of sufficiently high density in which Bose-Einstein condensation is also manifested [48] [49] [50] [51] . The density of a liquid helium at zero temperature and low pressure is about n ∼ 2.18 · 10 22 cm Hence, equation (4.14) shows that the dimensionless coupling constant g lies in the interval from 227 to 492. The numerical analysis of equations (6.1), (6.2) for a superfluid 4 He are presented in figures 3, 4. Figure 3 illustrates the behavior of the pair condensate fraction depending on the coupling constant. We can see that it significantly exceeds the single-particle condensate fraction. For the above shown values of the coupling constant, the single-particle condensate fraction is just about 5% ÷ 10%. This agrees with the condensate fraction in a superfluid 4 He measured in experiments [48] [49] [50] [51] and found within Monte Carlo calculations [52] and theoretical predictions based on the computation of single-particle density matrix which is expressed through experimentally measured structure factor [53, 54] (see also reference [55] and references therein). Figure 4 presents the dependence of the dimensionless energy gapδ in the single-particle excitation spectrum on g at helium density. For example, at g = 227 we haveδ ≈ 13.45 or in temperature units δ ≈ 12.5 K. This value is somewhat greater than the value of the roton gap ∆ rot ≈ 8.65 K and less than the maxon energy ∆ max ≈ 14 K. The Landau gapless spectrum can be a result of superposition of excitations of various nature. Moreover, some experiments [62, 63] directed toward studying the excitations in a superfluid 4 He also show the complex structure of Landau spectrum.
Discussion
Within the quasiparticle approach based on the maximum entropy principle, we have given a derivation of the coupled equations describing a superfluid Bose system with single-particle and pair condensates. These equations have been analyzed both analytically and numerically. In order to remove the divergences, we introduce a typical length scale r 0 for the range of interaction potential. For dilute systems (alkali atomic gases), the pair condensate fraction is negligibly small at zero temperature, n pair /n ∼ 10
and it grows with an increasing density n. For a superfluid 4 He, the role of pair condensate at T = 0 is dominant because the single-particle condensate fraction n 0 /n is less than 10%, which agrees with experimental data on neutron scattering in a superfluid helium [48] [49] [50] [51] , with Monte Carlo calculations [52] , and with other theoretical predictions (see references [53] [54] [55] and references therein). We have also found other characteristics of the system such as pressure, ground state energy, speed of sound, and singleparticle excitation spectrum. Note that the latter exhibits a gap. We believe that this fact is sufficiently justified because the used approximation introduces quasiparticles by the general way and respects the basic principles of statistical physics. The studied approach can also be used to derive equations of twofluid hydrodynamics predicting the second sound wave [41, 46] . As we have already mentioned in the introduction, the analysis of Bogolyubov's 1/k 2 -theorem does not provide a general conclusion concerning the excitation spectrum of a superfluid, and long-wavelength density excitations are insensitive to the gauge symmetry breaking [28] . The latter fact is directly confirmed by the neutron scattering experiments in a superfluid 4 He [62, 63] . The single-particle excitation spectrum exhibits a gap in the presence of a pair condensate because the pairs have the dissociation energy and, consequently, in addition to phonon branch of spectrum, there exists another branch corresponding to the excitation of pairs [29] . The same qualitative structure of the spectrum is obtained within the proposed approach. Note that the existence of a gap resembles the situation in a solid: if there is more than one atom per unit cell, both acoustic and optical branches appear. Moreover, as we know, a neutral Fermi superfluid is characterized by the single-particle excitations with a gap as well as gapless phonon mode. The separation of single-particle and collective excitations is probably less marked in a Bose system than in a Fermi system as a consequence of "hybridization" of these branches due to the presence of a single-particle condensate [64, 65] . Therefore, one can expect that the Landau spectrum is a result of superposition of excitations of various nature. It is worth stressing that the experiments [62, 63] directed toward studying the excitations in a superfluid 4 He also show its complex structure.
